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Mxqh 5;/ 4<<<
Wklug grzq zlwk d |dug wr jr=
wkh Gl{lw0Vnhdwk frqxqguxp rq htxloleuld lq
frpshwlwlyh jdphv1
Devwudfw
Lq vwulfwo| frpshwlwlyh jdphv/ htxloleulxp pl{hg vwudwhjlhv duh lqyduldqw wr fkdqjhv lq wkh xowlpdwh sul}hv1
Gl{lw ) Vnhdwk +4<<<, dujxh wkdw wklv vhhpv frxqwhu0lqwxlwlyh1 Zh vkrz wkdw wklv lqyduldqfh lv urexvw wr
gursslqj wkh lqghshqghqfh d{lrp/ exw lv uhpryhg li zh gurs wkh uhgxfwlrq d{lrp1 Wkh frqglwlrqv rq wkh
uhvxowlqj uhfxuvlyh h{shfwhg0xwlolw| prgho wr jhw wkh ghvluhg rxwfrph duh dqdorjrxv wr frqglwlrqv xvhg lq
wkh vwdqgdug prgho ri frpsdudwlyh vwdwlfv xqghu ulvn1
Nh|zrugv= vwulfwo| frpshwlwlyh jdphv/ qrq0h{shfwhg xwlolw|/ uhfxuvlyh h{shfwhg xwlolw|1
MHO fodvvl￿fdwlrqv= F:5/ G;4
Vlprq Judqw
Ghsduwphqw ri Hfrqrplfv
Idfxow| ri Hfrqrplfv dqg Frpphufh
Dxvwudoldq Qdwlrqdo Xqlyhuvlw|
Dwvxvkl Ndmll





Lq wkhlu wh{werrn/ Jdphv ri Vwudwhj|/ Gl{lw ) Vnhdwk +4<<</fk1;18, srvh d ￿frqxqguxp￿1 Wkh|
frqvlghu wkh vwulfwo| frpshwlwlyh jdph ehwzhhq wkh r￿hqvh dqg wkh ghihqvh lq dq Dphulfdq irrwedoo
jdph1 Lw lv wklug grzq dqg wkh r￿hqvh kdv d |dug wr jr1 Vxssrvh wkh r￿hqvh fdq rqo| fkrrvh wr
uxq ru wr sdvv1 Vlploduo|/ wkh ghihqvh fdq rqo| fkrvh rswlpdoo| wr ghihqg wkh uxq ru wkh sdvv1 Wkh
suredelolw| wkdw wkh r￿hqvh jrhv rq wr zlq wkh jdph ghshqgv rq wkh dfwlrqv fkrvhq1 Suhvxpdeo|/
wkh suredelolw| wkdw wkh r￿hqvh zlqv lv kljkhu zkhq lwv dfwlrq lv qrw pdwfkhg e| wkh ghihqvh1 Uxq
dqg sdvv/ krzhyhu/ duh qrw htxlydohqw1 Li wkh r￿hqvh dwwhpswv d sdvv djdlqvw d uxq ghihqvh/ wkhq
wkh r￿hqvh zlqv wkh jdph zlwk yhu| kljk suredelolw|/ exw li phhwv d sdvv ghihqvh/ r￿hqvh orvhv zlwk
yhu| kljk suredelolw|1 Rq wkh rwkhu kdqg/ li wkh r￿hqvh uxqv djdlqvw d sdvv ghihqvh wkh suredelolw|
ri wkh r￿hqvh zlqqlqj wkh jdph lv qrw yhu| pxfk kljkhu wkdq li lw phhwv d uxq ghihqvh1 Dv Gl{lw
) Vnhdwk sxw lw/ uxq lv wkh ￿shufhqwdjh￿ ru vdih sod| iru wkh r￿hqvh/ zkhuhdv sdvv lv wkh ￿ulvn|￿
dowhuqdwlyh1 Wkh htxloleulxp ri wklv jdph lqyroyhv pl{hg vwudwhjlhv1
Gl{lw ) Vnhdwk revhuyh=
￿111shrsoh riwhq vd| wkdw li wkh rffdvlrq lv uhdoo| lpsruwdqw/ lq wkh vhqvh wkdw zlqqlqj
yhuvxv orvlqj lv d elj gl￿huhqfh lq sd|r￿v/ wkhq rqh vkrxog xvh wkh shufhqwdjh sod|
pruh riwhq1 Wkxv wkh r￿hqvh pd| wkurz d orqj sdvv rq wklug grzq zlwk d |dug wr jr
lq dq ruglqdu| vhdvrq jdph/ exw lq wkh vxshuerzo wkdw lv wrr elj d ulvn wr wdnh1￿
Wkh ￿vxusulvh￿ lv wkdw wkh htxloleulxp pl{lqj suredelolwlhv duh frpsohwho| lqghshqghqw ri wkh
xowlpdwh sul}hv1
￿Wkh wkhru| vd|v wkdw |rx vkrxog pl{ wkh shufhqwdjh sod| dqg wkh ulvn| sod| lq h{dfwo|
wkh vdph sursruwlrqv rq d elj rffdvlrq dv |rx zrxog rq d plqru rffdvlrq1 111 Vr zklfk
lv uljkw= wkhru| ru lqwxlwlrqB￿
Wkh| qrwh wkdw ￿111wkh sureohp lv ixqgdphqwdo wr wkh xvh ri h{shfwhg xwlolw| lq frqvwuxfwlqj wkh
sd|r￿v￿/ dqg vr wkh| srvh wkh iroorzlqj fkdoohqjh=
￿Zh krsh wkdw wkh frqxqguxp zloo vsxu uhdghuv ri vxfk shuvxdvlrqv wr xqghuwdnh vrph
edvlf uhvhdufk lq jdph wkhru|/ dqg wr jlyh lw qhz irxqgdwlrqv wkdw gr qrw xvh h{shfwhg
xwlolw| wkhru|1￿
Wklv sdshu wdnhv xs wkdw fkdoohqjh1 Zh frqvlghu wzr vhsdudwh ghsduwxuhv iurp vwdqgdug
h{shfwhg0xwlolw| wkhru|1 Vhfwlrq 5 irupdoo| vhwv xs wkh sureohp1 Vhfwlrq 6 vkrzv wkdw phuho|
uhod{lqj wkh lqghshqghqfh d{lrp ri h{shfwhg xwlolw| grhv qrw d￿hfw wkh lqyduldqfh ri wkh htxl0
oleulxp pl{lqj suredelolwlhv lq vwulfwo| frpshwlwlyh jdphv wr fkdqjhv lq wkh xowlpdwh sul}hv1 Rq
wkh rwkhu kdqg/ Vhfwlrq 7 vkrzv wkdw li zh nhhs lqghshqghqfh exw lqvwhdg gurs wkh uhgxfwlrq ri
frpsrxqg orwwhulhv d{lrp +wkdw lv/ li sod|huv kdyh Nuhsv0Sruwhxv +4<:;, uhfxuvlyh h{shfwhg0xwlolw|
suhihuhqfhv,/ wkhq wklv ￿lqyduldqfh surshuw|￿ lv orvw1 Vhfwlrq 8 wkhq jlyhv suhflvh frqglwlrqv rq wkh
uhfxuvlyh h{shfwhg0xwlolw| prgho iru lw wr frlqflgh zlwk Gl{lw ) Vnhdwk*v lqwxlwlrq1 Xqghu wkhvh
frqglwlrqv/ doo rwkhu wklqjv ehlqj htxdo/ dv zh lqfuhdvh wkh vwdnhv/ sod|huv zloo eh pruh lqfolqhg wr
sod| wkh vdih dowhuqdwlyh14 Wkh htxloleulxp pl{hv zloo wkhq kdyh wr dgmxvw wr ghwhu wklv lqfolqdwlrq1
Dv Gl{lw ) Vnhdwk srlqw rxw/ vrph shrsoh pd| olnh dqg vrph pd| glvolnh wkh lqyduldqfh
surshuw|1 Rxu uhvxowv kdyh lpsolfdwlrqv hlwkhu zd|1 Li |rx olnh wkh lqyduldqfh surshuw|/ |rx qhhg
4 Uhyhuvlqj wkh lqhtxdolwlhv lq wkhvh frqglwlrqv/ jhqhudwhv wkh rssrvlwh h￿hfw1
4qrw eh frpplwwhg wr lqghshqghqfh> exw |rx pxvw frpplw wr uhgxfwlrq1 Rq wkh rwkhu kdqg/
li |rx zdqw wr jhw dzd| iurp wkh lqyduldqfh surshuw|/ vr wkdw wkhru| fdq frqfxu zlwk lqwxlwlrq/
phuho| uhod{lqj lqghshqghqfh zloo qrw gr wkh wulfn> exw uhod{lqj uhgxfwlrq fdq jhqhudwh wkh ghvluhg
frpsdudwlyh vwdwlfv1
Uhfxuvlyh h{shfwhg xwlolw| lv qrw wkh rqo| zd| wr uhvroyh wkh Gl{lw0Vnhdwk frqxqguxp1 Iru
h{dpsoh/ rqh frxog uhod{ suredelolvwlf vrsklvwlfdwlrq dqg doorz sod|huv wr eh xqfhuwdlqw| dyhuvh
zlwk uhvshfw wr hdfk rwkhu*v pryhv1 Rxu dssurdfk/ krzhyhu/ vhhpv d pruh plqlpdo ghsduwxuh iurp
wkh vwdqgdug prgho1
Wkh uhfxuvlyh h{shfwhg0xwlolw| prgho vrphwlphv orrnv lqwlplgdwlqj1 Wkh frqglwlrqv wkdw jhq0
hudwh rxu frpsdudwlyh vwdwlfv/ krzhyhu/ duh dqdorjrxv wr idploldu frqglwlrqv xvhg lq vwdqgdug
h{shfwhg0xwlolw| frpsdudwlyh vwdwlfv uhvxowv/ vxfk dv wkh sruwirolr sureohp1 Wkh xvh ri wklv dqdo0
rj| looxvwudwhv d zd| wr pdnh uhfxuvlyh h{shfwhg xwlolw| pruh wudfwdeoh1
5 Wkh Vhwwlqj
Frqvlghu d vwulfwo| frpshwlwlyh frqwhvw ehwzhhq wzr sod|huv/ urz dqg froxpq1 Wkhuh duh wzr
xowlpdwh rxwfrphv/ urz zlqv +dqg froxpq orvhv, ru urz orvhv +dqg froxpq zlqv,1 Li urz zlqv/ kh
jhwv {> dqg li kh orvhv/ kh jhwv {/ zkhuh {A{ 1 Vlploduo|/ li froxpq zlqv/ vkh jhwv |> dqg li vkh
orvhv/ vkh jhwv |/ zkhuh |A| 1 Zklfk rxwfrph rffxuv ghshqgv qrw rqo| rq wkh sod|huv* dfwlrqv exw
dovr rq fkdqfh1 Wkh sod|huv* fkrlfhv duh vlpxowdqhrxv1 Urz fkrrvhv ehwzhhq V ru U dqg froxpq
fkrrvhv ehwzhhq v ru u1 Odwhu/ zh zloo lghqwli| V zlwk Gl{lw ) Vnhdwk*v ￿vdih￿ +ru ￿shufhqwdjh￿,
vwudwhj|/ dqg lghqwli| U zlwk wkhlu ￿ulvn|￿ vwudwhj|1 Hdfk dfwlrq0sdlu uhvxowv lq d orwwhu|1 Iru
h{dpsoh/ jlyhq wkh dfwlrq0sdlu +U>v,/ ohw ￿Uv eh wkh suredelolw| wkdw urz zlqv { +lq zklfk fdvh
froxpq jhwv |,> dqg ohw 4￿￿Uv eh wkh suredelolw| wkdw froxpq zlqv | +lq zklfk fdvh urz jhwv {,1
Li zh zulwh ^￿>{>{‘ iru wkh orwwhu| zklfk |lhogv { zlwk suredelolw| ￿ dqg { zlwk suredelolw| 4￿￿/
wklv frqwhvw fdq eh vxppdul}hg lq wkh pdwul{ ehorz1
vu
V ^￿Vv>{>{‘>^4 ￿ ￿Vv>|>|‘ ^￿Vu>{>{‘>^4 ￿ ￿Vu>|>|‘
U ^￿Uv>{>{‘>^4 ￿ ￿Uv>|>|‘ ^￿Uu>{>{‘>^4 ￿ ￿Uu>|>|‘
Zh duh lqwhuhvwhg lq pl{hg0vwudwhj| htxloleuld vr zh dvvxph= ￿Uv A￿ Vv/ ￿Uu ?￿ Vu/ 4￿￿Uv ?
4￿￿Uu dqg 4￿￿Vv A 4￿￿Vu1 Zh xvh wkh whuplqrorj| ri d pl{hg0vwudwhj| htxloleulxp ehlqj dq
htxloleulxp lq eholhiv15 Ohw t￿ ghqrwh urz*v htxloleulxp eholhi wkdw froxpq zloo sod| v/ dqg ohw s￿
ghqrwh froxpq*v htxloleulxp eholhi wkdw urz fkrrvhv V1
Dv Gl{lw ) Vnhdwk qrwh/ xqghu wkh vwdqgdug dvvxpswlrq ri h{shfwhg xwlolw|/ wkh htxloleulxp
pl{hg0vwudwhj| sur￿oh lq vxfk cvwulfwo|0frpshwlwlyh* jdphv lv lqyduldqw wr wkh vl}hv ri wkh ￿qdo
5 Zh dgrsw wkh ￿eholhi￿ udwkhu wkdq wkh ￿udqgrpl}lqj￿ whuplqrorj| vlpso| ehfdxvh zh ￿qg lw khosv rxu lqwxlwlrqv/
exw qrwklqj lq rxu irupdo uhvxowv ghshqgv rq wklv1 Vlqfh wkhuh duh rqo| wzr xowlpdwh rxwfrphv/ wkhuh lv qr h{lvwhqfh
sureohp zkhq zh uhod{ lqghshqghqfh1
5sul}hv/ {/ {/ | dqg |1 Lq sduwlfxodu/ urz*v htxloleulxp eholhi t￿ lv jlyhq e|
t￿￿Vv^x+{, ￿ x+{, ‘.+ 4￿ t￿,￿Vu^x+{, ￿ x+{,‘
@ t￿￿Uv ^x+{, ￿ x+{,‘ . +4 ￿ t￿,￿Uu ^x+{, ￿ x+{,‘/+ 4 ,
zkhuh x ghqrwhv urz*v yrq Qhxpdqq0Prujhqvwhuq xwlolw| lqgh{1 Lw lv fohdu wkdw wkh t￿ wkdw vroyhv
wklv htxdwlrq grhv qrw ghshqg rq { ru {1 Vlploduo|/ s￿ grhv qrw ghshqg rq | ru |16
Gh￿qlwlrq Zh vd| wkdw wkh lqyduldqfh surshuw| ri pl{hg htxloleuld lq vwulfwo| frpshwlwlyh jdphv
lv vdwlv￿hg li/ iru doo vxfk jdphv zlwk ￿Uv A￿ Vv/ ￿Uu ?￿ Vu/ 4 ￿ ￿Uv ? 4 ￿ ￿Uu dqg
4 ￿ ￿Vv A 4 ￿ ￿Vu/ wkh htxloleulxp eholhiv +s￿>t￿, gr qrw ghshqg rq wkh xowlpdwh sul}hv/ {/
{/ |/d q g|1
Zh duh lqwhuhvwhg lq zkhwkhu wklv lqyduldqfh h{whqgv eh|rqg wkh h{shfwhg0xwlolw| prgho1 Iru
rxu sxusrvhv/ wkhuh duh wzr nh| dvvxpswlrqv lq h{shfwhg0xwlolw| wkhru|1 Iluvw/ lv wkh uhgxfwlrq
ri frpsrxqg orwwhulhv d{lrp +khuhdiwhu/ cuhgxfwlrq*,1 Rxu htxloleuld lq eholhiv lqyroyh wzr vhwv ri
suredelolwlhv= wkrvh uhsuhvhqwlqj hdfk djhqw*v eholhiv derxw wkh rwkhu*v dfwlrqv/ dqg wkrvh frplqj
iurp wkh uhvxowlqj orwwhulhv1 Uhgxfwlrq lpsrvhv wkdw djhqwv wuhdw wkhvh wzr wkh vdph1 Djhqwv
duh dvvxphg wr cpxowlso| wkurxjk* wkh suredelolwlhv wr irup rqh0vwdjh orwwhulhv rq wkh ￿qdo sul}hv1
Pruh jhqhudoo|/ zh fdq prgho djhqwv dv kdylqj suhihuhqfhv ryhu wzr0vwdjh orwwhulhv/ wkh ￿uvw vwdjh
uhsuhvhqwlqj hdfk sod|hu*v xqfhuwdlqw| derxw wkh rwkhu*v dfwlrq/ dqg wkh vhfrqg wkh c￿0orwwhu|* ryhu
rxwfrphv1
Wkh vhfrqg dvvxpswlrq lv wkh lqghshqghqfh d{lrp1 Wkhuh lv d odujh olwhudwxuh glvfxvvlqj
uhdvrqv zh pljkw zdqw wr uhod{ wklv dvvxpswlrq1 Zh uhihu wr prghov wkdw uhod{ lqghshqghqfh
exw pdlqwdlq uhgxfwlrq dv dwhpsrudo qrqh{shfwhg0xwlolw| prghov1 Zh uhihu wr prghov wkdw uhod{
uhgxfwlrq exw pdlqwdlq lqghshqghqfh dv uhfxuvlyh h{shfwhg0xwlolw| prghov1
6 Dwhpsrudo Qrq0H{shfwhg Xwlolw|
Ohw O eh wkh vhw ri rqh0vwdjh +uhdo0ydoxhg, orwwhulhv1 Ohw wkh ixqfwlrq Y = O$U uhsuhvhqw d jhqhudo
+frpsohwh/ wudqvlwlyh dqg frqwlqxrxv, suhihuhqfh uhodwlrq ryhu O1 Xqghu dwhpsrudo qrqh{shfwhg
xwlolw|/ urz*v htxloleulxp eholhi t￿ lv jlyhq e|
Y +^t￿￿Vv .+ 4￿ t￿,￿Vu>{>{‘, @ Y +^t￿￿Uv .+ 4￿ t￿,￿Uu>{>{‘,1+ 5 ,
Wkdw lv/ jlyhq t￿/ wkh +uhgxfhg, orwwhu| ryhu rxwfrphv lqgxfhg e| V lv lqgl￿huhqw wr wkdw lqgxfhg
e| U1 Mxvw dv zlwk h{shfwhg xwlolw|/ wkh htxloleulxp eholhi t￿ pxvw eh wkdw zklfk pdnhv wkh
wrwdo suredelolw| ri czlqqlqj* iurp V htxdo wr wkdw iurp U1 Wkxv/ dv orqj dv zlqqlqj lv vwulfwo|
ehwwhu wkdq orvlqj/ wklv htxloleulxp t￿ lv lqyduldqw wr wkh h{dfw ydoxh ri wkh sul}hv1 Vwulfwo|
vshdnlqj/ wklv dujxphqw uhtxluhv wkdw Y eh vwulfwo| lqfuhdvlqj lq wkh suredelolw| ri zlqqlqj/ exw
6 Iru wkhvh htxloleulxp eholhiv wr eh zhoo0gh￿qhg/ zh duh dvvxplqj wkdw ￿E%￿ 3 ￿E%￿ lv ￿qlwh1 Zh uhwdlq wklv ru
wkh htxlydohqw cerxqghgqhvv* dvvxpswlrqv ehorz1
6prvw zlgho|0xvhg dwhpsrudo qrqh{shfwhg0xwlolw| prghov uhwdlq vxfk prqrwrqlflw|1 Wkh| dvvxph
wkdw suhihuhqfhv uhvshfw ￿uvw0rughu vwrfkdvwlf grplqdqfh1 Wklv glvfxvvlrq lv vxppdul}hg lq wkh
iroorzlqj sursrvlwlrq1
Sursrvlwlrq 4 Surylghg wkh sod|huv* suhihuhqfhv uhvshfw ￿uvw0rughu vwrfkdvwlf grplqdqfh/ wkh lq0
yduldqfh surshuw| ri pl{hg htxloleuld lq vwulfwo| frpshwlwlyh jdphv lv pdlqwdlqhg li zh uhod{ lqgh0
shqghqfh exw uhwdlq uhgxfwlrq1
7 Uhfxuvlyh H{shfwhg Xwlolw|
Hdfk dfwlrq e| d sod|hu uhvxowv lq wkdw sod|hu idflqj d wzr0vwdjh orwwhu|1 Iru h{dpsoh/ li urz
eholhyhv froxpq lv fkrrvlqj v zlwk suredelolw| t/ wkhq urz*v fkrrvlqj V |lhogv wkh wzr0vwdjh
orwwhu| zkhuh wkh vhfrqg0vwdjh orwwhu| ^￿Vv>{>{‘ rffxuv zlwk ￿uvw0vwdjh suredelolw| t/ dqg wkh
vhfrqg0vwdjh orwwhu| ^￿Vu>{>{‘ zlwk ￿uvw0vwdjh suredelolw| 4￿t1 Ohw xv zulwh vxfk wzr0vwdjh +uhdo0
ydoxhg, orwwhulhv lq wkh irup [ @^ t>^￿Vv>{>{‘>^￿Vu>{>{‘‘/ dqg ohw O5 eh wkh vhw ri vxfk wzr0vwdjh
orwwhulhv1 Ohw wkh ixqfwlrq Z = O5 $ U uhsuhvhqw d jhqhudo +frpsohwh/ wudqvlwlyh dqg frqwlqxrxv,7
suhihuhqfh uhodwlrq ryhu O51 Lq wklv frqwh{w wkh xwlolw| ixqfwlrq Z vdwlv￿hv uhfxuvlyh h{shfwhg
xwlolw| li Z fdq eh zulwwhq lq wkh iroorzlqj irup=
Z+^t>^￿>{>{‘>^￿3>{>{‘‘, @ ty ￿ x￿4 +X +^￿>{>{‘,, . +4 ￿ t,y ￿ x￿4 +X +^￿3>{>{‘,,/
zkhuh X lv wkh h{shfwhg xwlolw| ri orwwhulhv wkdw uhvroyh lq wkh vhfrqg vwdjh +xvlqj h{shfwhg0xwlolw|
lqgh{ x,/ dqg y lv wkh xwlolw| lqgh{ iru orwwhulhv wkdw uhvroyh lq wkh ￿uvw vwdjh1 Wr khos xqghuvwdqg
wklv irup/ qrwlfh wkdw x￿4 +X +^￿>{>{‘,, =@ x￿4+x+{,.￿+x+{, ￿ x+{,,, lv mxvw wkh fhuwdlqw|
htxlydohqw ri wkh vhfrqg0vwdjh orwwhu| ^￿>{>{‘ dffruglqj wr wkh h{shfwhg x0xwlolw| suhihuhqfhv1
Vlploduo|/ x￿4 +X +^￿3>{>{‘,, lv wkh fruuhvsrqglqj fhuwdlqo| htxlydohqw ri wkh vhfrqg0vwdjh orwwhu|
^￿3>{>{‘1 Wkh ixqfwlrq Z lv hydoxdwhg e| wdnlqj wkh h{shfwhg y0xwlolw| ri wkh ￿uvw0vwdjh orwwhu|
wkdw dvvljqv suredelolw| t wr wkh +vhfrqg0vwdjh, fhuwdlqw| htxlydohqw ri ^￿>{>{‘ dqg 4 ￿ t wr wkh
+vhfrqg0vwdjh, fhuwdlqw| htxlydohqw ri ^￿3>{>{‘1
Vhw * =@ y ￿ x￿41 Xqghu uhfxuvlyh h{shfwhg xwlolw|/ urz*v htxloleulxp eholhi t￿ lv jlyhq e|
t￿*+x+{,.￿Vv+x+{, ￿ x+{, , ,.+ 4￿ t￿,*+x+{,.￿Vu+x+{, ￿ x+{,,,
@ t￿*+x+{,.￿Uv +x+{, ￿ x+{,,, . +4 ￿ t￿,*+x+{,.￿Uu +x+{, ￿ x+{,,,1+ 6 ,
Wkdw lv/ jlyhq t￿/ wkh wzr0vwdjh orwwhu| lqgxfhg e| V lv lqgl￿huhqw wr wkdw lqgxfhg e| U1L q
frqwudvw wr htxdwlrqv +4, dqg +5,/ lq htxdwlrq +6,/ wkh ￿uvw0vwdjh t0suredelolwlhv gr qrw pxowlso|
wkh vhfrqg0vwdjh ￿0orwwhulhv gluhfwo|1 Lqvwhdg/ wkh| pxowlso| wkh ixqfwlrq * hydoxdwhg dw wkh X0
xwlolwlhv ri wkh ￿0orwwhulhv1 Wklv * ixqfwlrq fdq eh qrq0olqhdu1 Iru h{dpsoh/ li wkh xwlolw| lqgh{ y
lv d frqfdyh wudqvirupdwlrq ri wkh xwlolw| lqgh{ x/ wkhq * lv frqfdyh1 Frqfdylw| ri * lv dqdorjrxv
wr ulvn dyhuvlrq lq d xwlolw| lqgh{1 Lq wklv fdvh/ urz zrxog suhihu wkh X0xwlolwlhv ri wkh ￿0orwwhulhv
wr eh ohvv vsuhdg rxw1
7 Lq dgglwlrq zh dvvxph wkdw suhihuhqfhv duh vx!flhqwo| vprrwk wr doorz iru d wzlfh0gl￿huhqwldeoh uhsuhvhqwdwlrq1
7Wkh iroorzlqj sursrvlwlrq pdnhv wklv lqwxlwlrq pruh suhflvh/ dqg vwdqgv lq vwdun frqwudvw wr
wkh glvfxvvlrq ri dwhpsrudo qrqh{shfwhg0xwlolw| prghov1
Sursrvlwlrq 5 Wkh lqyduldqfh surshuw| ri pl{hg htxloleuld lq vwulfwo| frpshwlwlyh jdphv lv qrw
pdlqwdlqhg li zh uhod{ uhgxfwlrq exw uhwdlq lqghshqghqfh1 Lqghhg/ iru uhfxuvlyh h{shfwhg xwlolw|/
wkh lqyduldqfh surshuw| lpsolhv uhgxfwlrq1
Surri1 Vhh Dsshqgl{1
8 D Uhvroxwlrq ri wkh Frqxqguxp
Lw uhpdlqv wr vkrz krz wkh htxloleulxp eholhiv fkdqjh lq uhvsrqvh wr fkdqjhv lq wkh sul}hv1 Frqvlghu
d vhwwlqj vlplodu wr wkdw ri Gl{lw ) Vnhdwk/ lq zklfk wkh dfwlrq V uhvxowv lq doprvw wkh vdph orwwhu|
iru urz uhjdugohvv ri zkdw dfwlrq froxpq fkrrvhv1 Wkh dfwlrq U rq wkh rwkhu kdqg uhvxowv lq d
yhu| jrrg orwwhu| iru urz li froxpq fkrrvhv v dqg d yhu| edg orwwhu| iru urz li froxpq fkrrvhv u1
Lq sduwlfxodu/ vxssrvh wkdw ￿Uv A￿ Vu A￿ Vv A￿ Uu1 Lq wklv fdvh/ lw lv dv li V lv d cvdihu* dfwlrq
iru urz wkdq lv U1
Iroorzlqj Gl{lw ) Vnhdwk/ vxssrvh zh udlvh wkh vwdnhv e| lqfuhdvlqj wkh ydoxh ri zlqqlqj/ {/
ru ghfuhdvlqj wkh ydoxh ri orvlqj/ {/ ru vrph frpelqdwlrq ri wkh wzr1 Iru h{dpsoh/ frpsduh d
uhjxodu vhdvrq jdph zlwk wkh vxshuerzo1 Lqwurvshfwlrq pljkw vxjjhvw wkdw/ lq wkh vxshuerzo/ urz
pljkw eh ohvv zloolqj wr lqfxu ulvn dqg khqfh pruh lqfolqhg wr fkrrvh V1 Wkhuhiruh wr nhhs urz
lqgl￿huhqw/ klv htxloleulxp eholhi t￿ wkdw froxpq zloo sod| v zloo kdyh wr lqfuhdvh1
Wkh iroorzlqj sursrvlwlrq jlyhv frqglwlrqv rq wkh frpsrvlwh ixqfwlrq * @ y ￿ x￿4 dvvrfldwhg
zlwk uhfxuvlyh h{shfwhg xwlolw| wkdw |lhog wklv frpsdudwlyh vwdwlf1
Sursrvlwlrq 6 Vxssrvh wkdw ￿Uv A￿ Vu A￿ Vv A￿ Uu> dqg wkdw wkh urz sod|hu*v suhihuhqfhv
ryhu wzr0vwdjh orwwhulhv vdwlvi| uhfxuvlyh h{shfwhg xwlolw|1 Wkhq d vx!flhqw frqglwlrq iru urz*v
htxloleulxp eholhi t￿ wkdw froxpq zloo sod| v wr lqfuhdvh dv { ghfuhdvhv dqg2ru { lqfuhdvhv lv wkdw
wkh dvvrfldwhg frpsrvlwh ixqfwlrq * = U. $ U. zlwk *+ 3 ,@3lv frqfdyh/ ￿*33 +z,@*3 +z, lv
ghfuhdvlqj dqg ￿z*33 +z,@*3 +z, lv lqfuhdvlqj1
Surri1 Vhh Dsshqgl{1
Rqh zd| wr ylhz wklv uhvxow lv wkdw/ li urz krogv wkh vdph eholhiv derxw froxpq*v dfwlrqv lq wkh
vxshuerzo dv kh grhv lq wkh uhjxodu vhdvrq/ wkhq wkh vdih dowhuqdwlyh qrz orrnv pruh dwwudfwlyh1
Li frpphqwdwruv krog wklv qd￿yh eholhi / wkhq wkh| zrxog suhglfw wkdw urz lv pruh olnho| wr sod|
V1 Ri frxuvh/ lw grhv qrw iroorz wkdw/ lq htxloleulxp/ urz zloo lq idfw sod| V pruh riwhq1 Li zh
lqwhusuhw pl{hg vwudwhjlhv dv udqgrpl}dwlrqv wkhq/ dv xvxdo/ urz*v htxloleulxp pl{ lv wkdw zklfk
pdnhv froxpq lqgl￿huhqw1 Xqghu wklv lqwhusuhwdwlrq/ wkh uhvxow deryh vd|v wkdw froxpq lv pruh
olnho| wr ghihqg wkh vdih dowhuqdwlyh lq wkh vxshuerzo wkdq lq wkh uhjxodu vhdvrq1 Lw lv whpswlqj wr
wklqn wkdw/ iru wklv vdph rughulqj ri wkh ￿*v/ d vlplodu frpsdudwlyh vwdwlf uhvxow dssolhv wr froxpq*v
eholhiv +dqg khqfh wr urz*v udqgrpl}dwlrq,1 Vlqfh 4￿￿Uu A 4￿￿Vv A 4￿￿Vu A 4￿￿Uv/ krzhyhu/
8lw lv qrw wkh fdvh wkdw v lv d cvdihu* dfwlrq iru froxpq wkdq lv u lq Gl{lw ) Vnhdwk*v frqwhvw1 Lq idfw/
lw fdq eh vkrzq wkdw wkh fkdqjh lq s￿ iru wkh dqdorjrxv fkdqjhv lq | dqg | fdq qrw eh vljqhg iru
wkh jhqhudo fdvh18
Sursrvlwlrq 6 uhvhpeohv vwdqgdug uhvxowv lq frpsdudwlyh vwdwlfv iru h{shfwhg0xwlolw| wkhru|
ruljlqdoo| gxh wr Sudww +4<97,19 Wr uhtxluh ￿*33 +z,@*3 +z, wr eh ghfuhdvlqj lv dqdorjrxv wr
dvvxplqj ghfuhdvlqj devroxwh ulvn dyhuvlrq1 Vlploduo|/ wr uhtxluh ￿z*33 +z,@*3 +z, wr eh lqfuhdvlqj
lv dqdorjrxv wr dvvxplqj lqfuhdvlqj uhodwlyh ulvn dyhuvlrq1 Wklv dqdorj| vkrxog qrw/ krzhyhu/ eh
wdnhq olwhudoo|1 Wkh ixqfwlrq * lv qrw d xwlolw| lqgh{1 Orrvho| vshdnlqj/ udwkhu wkdq pdsslqj
rxwfrphv wr xwlov/ lw pdsv xwlov wr xwlov1 Judqw/ Ndmll ) Srodn +4<<;, vkrz wkdw fxuydwxuh ri * grhv
qrw fdswxuh ulvn dyhuvlrq/ exw udwkhu fdswxuhv wkh djhqw*v lqwulqvlf dwwlwxgh wrzdug lqirupdwlrq1
Wkh iroorzlqj h{dpsoh vdwlv￿hv wkh frqglwlrqv ri Sursrvlwlrq 6/ exw grhv qrw uhtxluh hlwkhu ri wkh
xqghuo|lqj xwlolw| lqglfhv/ x ru y/ wr eh ulvn dyhuvh1
H{dpsoh Ohw x+{,@+ { .4 ,
d ￿4 dqg y+{,@+ { .4 ,
e ￿4/z k h u hdAeA31 Wkhq * =@ y ￿x￿4
lv jlyhq e| *+z,@+ z .4 ,





















Vr wkh iruphu lv ghfuhdvlqj lq z/ dqg wkh odwwhu lv lqfuhdvlqj lq z/ dv uhtxluhg1 Wkh xqghu0
o|lqj xwlolw| lqglfhv duh rqo| ulvn dyhuvh/ krzhyhu/ li wkhlu uhvshfwlyh frh!flhqwv/ d dqg e/
duh ohvv wkdq rqh1
Dowkrxjk wkh lqwhusuhwdwlrq ri * lv qrw wkh vdph dv wkdw ri d xwlolw| lqgh{/ wkh dqdorj| doorzv xv
wr eruurz Sudww*v pdfklqhu| ri vwdqgdug frpsdudwlyh vwdwlfv xqghu ulvn1 Sursrvlwlrq 6 looxvwudwhv
mxvw rqh h{dpsoh ri wklv phwkrg/ exw rqh frxog vlploduo| wudqvodwh rwkhu uhvxowv1:
Dsshqgl{1
Surri ri Sursrvlwlrq 51 Ohw x =@ x+{,/ dqg ohw ￿x =@ x+{, ￿ x+{,1 Lw lv hqrxjk wr vkrz wkdw
t￿ fdqqrw eh lqyduldqw erwk wr fkdqjhv lq x +kroglqj ￿x ￿{hg, dqg wr fkdqjhv lq ￿x +kroglqj x
￿{hg, xqohvv wkh suhihuhqfhv vdwlvi| uhgxfwlrq1 Iru t￿ wr eh lqyduldqw wr fkdqjhv lq x +kroglqj ￿x
￿{hg,/ gl￿huhqwldwlqj htxdwlrq +6, zlwk uhvshfw wr x/ zh uhtxluh
t￿*3 +x . ￿Vv￿x,.+ 4￿ t￿,*3 +x . ￿Vu￿x,
@ t￿*3 +x . ￿Uv￿x,.+ 4￿ t￿,*3 +x . ￿Uu￿x,1
8 Wkh sureohp lv wkdw wkh gl￿huhqfh lq wkh uhohydqw cphdq ydoxhv*/ 7 Z EZ-ocZ -r￿ 3 7 Z EZ77cZ7o￿/f d qq r we h
xqltxho| vljqhg1
9 Iru rwkhu h{dpsohv ri frpsdudwlyh vwdwlfv xqghu h{shfwhg xwlolw|/ vhh Jroolhu +4<<8,1
: Iru h{dpsoh/ vx!flhqw frqglwlrqv iru ^W wr ghfuhdvh dv wkh ydoxh ri erwk sul}hv/ % dqg % duh lqfuhdvhg e| wkh
vdph dprxqw duh wkrvh ri Sursrvlwlrq 6 soxv ulvn dyhuvlrq zlwk uhvshfw wr orwwhulhv wkdw duh ghjhqhudwh lq wkh ￿uvw
vwdjh1
9Hydoxdwlqj wklv h{suhvvlrq dw x @3dqg ￿x @4 / uhduudqjlqj dqg vxevwlwxwlqj iru t￿ iurp






@ ￿vljq^t￿ +*3 +￿Uv, ￿ *3 +￿Vv,, ￿ +4 ￿ t￿,+*3 +￿Vu, ￿ *3 +￿Uu,,‘
@ vljq
￿
+*3 +￿Vu, ￿ *3 +￿Uu,,
+*+￿Vu, ￿ *+￿Uu,,
￿




Vr/ iru gt￿@gx wr eh }hur/ zh uhtxluh wkh gl￿huhqfh lq wkh odvw vtxduh eudfnhw wr eh }hur iru doo ￿*v
vxfk wkdw d pl{hg0vwudwhj| htxloleulxp dssolhv1 Wklv lq wxuq lpsolhv wkdw
+*3 +￿4, ￿ *3 +￿5,,
+*+￿4, ￿ *+￿5,,
@ ￿
iru doo ￿4 A￿ 5/ zkhuh ￿ lv d frqvwdqw1 Doorzlqj ￿5 @ ￿4 .￿ ￿/ dqg wdnlqj ￿￿ duelwudulo| vpdoo/




iru doo ￿4 +zkhuh *3+￿4, A 3,1 Lw lv dv li wkh frpsrvlwh ixqfwlrq * pxvw h{klelw ￿frqvwdqw devroxwh
ulvn0dyhuvlrq￿ +dowkrxjk/ zh gr qrw uhtxluh wkh ixqfwlrq wr eh frqfdyh,1
Vlploduo|/ iru t￿ wr eh lqyduldqw wr fkdqjhv lq ￿x +kroglqj x ￿{hg, zh uhtxluh
t￿￿Vv*3 +x . ￿Vv￿x,.+ 4￿ t￿,￿Vu*3 +x . ￿Vu￿x,
@ t￿￿Uv*3 +x . ￿Uv￿x,.+ 4￿ t￿,￿Uu*3 +x . ￿Uu￿x,1
Djdlq/ hydoxdwlqj wklv h{suhvvlrq dw x @3dqg ￿x @4 / uhduudqjlqj dqg vxevwlwxwlqj iru t￿ iurp








+￿Vu*3 +￿Vu, ￿ ￿Uu*3 +￿Uu,,
+*+￿Vu, ￿ *+￿Uu,,
￿




Vr/ iru gt￿@g+￿x, wr eh }hur/ zh uhtxluh wkh gl￿huhqfh lq wkh odvw vtxduh eudfnhw wr eh }hur iru
doo ￿*v vxfk wkdw d pl{hg0vwudwhj| htxloleulxp dssolhv1 Wklv lq wxuq lpsolhv wkdw
+￿4*3 +￿4, ￿ ￿5*3 +￿5,,
+*+￿4, ￿ *+￿5,,
@ ￿




@ ￿ ￿ 4
iru doo ￿41 Lw lv dv li wkh frpsrvlwh ixqfwlrq * pxvw dovr h{klelw ￿frqvwdqw uhodwlyh ulvn0dyhuvlrq￿1
Lw lv zhoo0nqrzq/ krzhyhu/ wkdw wkh rqo| ixqfwlrqv wkdw vdwlvi| frqvwdqw uhodwlyh dqg frqvwdqw
devroxwh ulvn dyhuvlrq duh olqhdu1 E| wkh gh￿qlwlrq ri */ wklv lpsolhv wkdw wkh xwlolw| lqgh{ y lv dq









d . ex ￿ x￿4 +X +^￿3>{>{‘,,
￿
@ d . e+tX +^￿>{>{‘ ,.+ 4￿ t,X +^￿3>{>{‘,,
@ d . eX +^t￿ .+ 4￿ t,￿3>{>{‘,1
Exw ^t￿ .+ 4￿ t,￿3>{>{‘ lv vlpso| wkh rqh0vwdjh orwwhu| wkdw lv wkh uhgxfwlrq ri wkh wzr0vwdjh
orwwhu| ^t>^￿>{>{‘>^￿3>{>{‘‘1 Wkdw lv/ li wkh lqyduldqfh surshuw| ri pl{hg htxloleuld lq vwulfwo|
frpshwlwlyh jdphv dssolhv xqghu wkh uhfxuvlyh h{shfwhg0xwlolw| suhihuhqfhv Z wkhq wkh suhihuhqfhv
dovr vdwlvi| uhgxfwlrq1
Surri ri Sursrvlwlrq 61 Vhw x =@ x+{, dqg ￿x =@ x+{,￿x+{,1D v{ ghfuhdvhv/ x ghfuhdvhv1
Dv { ghfuhdvhv dqg2ru { lqfuhdvhv/ ￿x lqfuhdvhv1 Vr/ lw lv hqrxjk wr vkrz wkdw t￿ lv ghfuhdvlqj lq
x +wkdw lv/ h{suhvvlrq +7, lv qhjdwlyh,/ dqg lqfuhdvlqj lq ￿x +wkdw lv/ h{suhvvlrq +8, lv srvlwlyh,1
Zh ghdo ￿uvw zlwk fkdqjhv lq x1V h w ￿4 A￿ 51O h w zl =@ x . ￿l￿x dqg ohw ￿l =@ *+zl, iru
l @4 >51 Wkhq/ e| wkh phdq ydoxh wkhruhp/
*3 ￿ *￿4 +*+z4,, ￿ *3 ￿ *￿4 +*+z5,,
@ *3 ￿ *￿4 +￿4, ￿ *3 ￿ *￿4 +￿5,
@+ ￿4 ￿ ￿5,
g
g￿
*3 ￿ *￿4 ￿￿ ￿ +￿4>￿5,
￿
iru vrph ￿ ￿ +￿4>￿5, lq wkh lqwhuydo +￿5>￿4,1 Dsso|lqj wkh lqyhuvh ixqfwlrq uxoh/ zh jhw
*3 +z4, ￿ *3 +z5,@+ *+z4, ￿ *+z5,,
*33 ^￿ z+z4>z 5,‘
*3 ^￿ z+z4>z 5,‘
iru vrph ￿ z+z4>z 5, lq wkh lqwhuydo +z5>z 4, +vlqfh *3+z, A 3,1
Ohw D+z,= @￿*33 +z,@*3 +z,1 Zh qh{w vkrz wkdw wkh phdq ydoxh lv lqfuhdvlqj lq lwv dujxphqwv1




^D+z4, ￿ D+￿ z+z4>z 5,,‘*3 +z4,
D3 +￿ z+z4>z 5,,^*+z4, ￿ *+z5,‘
/
zklfk lv juhdwhu wkdq }hur/ vlqfh +e| rxu dvvxpswlrqv, D lv vwulfwo| prqrwrqh1 Vlploduo|/ ￿ z+z4>z 5,
lv dovr lqfuhdvlqj lq z51
Sxwwlqj zVu iru x . ￿Vu￿x hwf1/ dqg xvlqj wklv cphdq0ydoxh* phwkrg/ zh fdq uhzulwh wkh
eudfnhwhg whup lq h{suhvvlrq +7, dv
*33 +￿ z+zVu>z Uu,,
*3 +￿ z+zVu>z Uu,,
￿
*33 +￿ z+zUv>z Vv,,
*3 +￿ z+zUv>z Vv,,
1
Vlqfh ￿Uv A￿ Vu A￿ Vv A￿ Uu/z hk d y h￿ z+zVu>z Uu, ? ￿ z+zUv>z Vv,1 Khqfh wkh h{suhvvlrq lv
qhjdwlyh1 Wkdw lv/ t￿ lv ghfuhdvlqj lq x1
;Wkh dujxphqw iru fkdqjhv lq ￿x lv vlplodu exw pruh lqyroyhg1 Xvlqj wkh vdph qrwdwlrq dv
ehiruh/ e| wkh phdq ydoxh wkhruhp/
￿4*3 +z4, ￿ ￿5*3 +z5,
@
￿






































zkhuh ￿ ￿ lv lq wkh lqwhuydo +￿5>￿ 4,/ dqg ￿ z @ x .￿ ￿￿x1 Wkdw lv/









zkhuh U+z,@￿z*33 +z,@*3 +z,1















Jlyhq rxu dvvxpswlrqv/ U lv srvlwlyh dqg lqfuhdvlqj/ vr ￿ ￿ lv lqfuhdvlqj lq ￿41 Vlploduo|/ lw lv
lqfuhdvlqj lq ￿51
Ohw ￿ ￿+￿Vu>￿ Uu, eh wkh uhohydqw phdq0ydoxh iru ￿Vu dqg ￿Uu/ dqg ohw ￿ ￿+￿Uv>￿ Vv, eh wkh uhohydqw
phdq0ydoxh iru ￿Uv dqg ￿Vv1 Vlqfh ￿Uv A￿ Vu A￿A￿ Uu/z hk d y h￿ ￿+￿Uv>￿Vv, A ￿ ￿+￿Vu>￿ Uu,1
Dsso|lqj wkh phdq0ydoxh phwkrg/ zh fdq uhzulwh wkh eudfnhwhg whup lq h{suhvvlrq +8, dv=
￿ ￿+￿Uv>￿Vv,￿x
x .￿ ￿+￿Uv>￿ Vv,￿x
U+x .￿ ￿+￿Uv>￿ Vv,￿x, ￿
￿ ￿+￿Vu>￿Uu,￿x
x .￿ ￿+￿Vu>￿ Uu,￿x
U+x .￿ ￿+￿Vu>￿ Uu,￿x,
zklfk lv srvlwlyh vlqfh U lv srvlwlyh dqg lqfuhdvlqj1 Khqfh t￿ lv lqfuhdvlqj lq ￿x1
Uhihuhqfhv
Gl{lw/ D1 dqg V1 Vnhdwk +4<<<,= J d p h vr iV w u d w h j | / Qruwrq dqg Fr1 Qhz \run1
Jroolhu/ F1 +4<<8,= ￿Wkh Frpsdudwlyh Vwdwlfv ri Fkdqjhv lq Ulvn Uhylvlwhg/￿ Mrxuqdo ri
Hfrqrplf Wkhru|/ 99= 8550681
Judqw/ V1/ D1 Ndmll/ dqg E1 Srodn +4<<;,= ￿Lqwulqvlf Suhihuhqfh iru Lqirupdwlrq/￿ Mrxuqdo ri
Hfrqrplf Wkhru|/ ;6/ 566058<1
Nuhsv/ G1 dqg H1 Sruwhxv +4<:;,= ￿Whpsrudo Uhvroxwlrq ri Xqfhuwdlqw| dqg G|qdplf Fkrlfh
Wkhru|￿/ Hfrqrphwulfd/ 79/ 4;805331
Sudww/ M1 +4<97,= ￿Ulvn Dyhuvlrq lq wkh Vpdoo dqg wkh Odujh￿/ Hfrqrphwulfd/ 65/ 45504691
<